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In this work we will show that there exists a fundamental difference between microscopic quan-
tum thermodynamics and macroscopic classical thermodynamics. It will be proved that the entropy
production in quantum thermodynamics always vanishes for both closed and open quantum ther-
modynamic systems. This novel and very surprising result is derived based on the genuine reasoning
Clausius used to establish the science of thermodynamics in the first place. This result will inter-
estingly lead to define the generalized temperature for any non-equilibrium quantum system.
Introduction. Entropy production is the entropy which
is produced in the interior of a system. It is produced
even if the classical system is isolated from the surround-
ings. The Clausius statement of the second law of classi-
cal thermodynamics asserts that the entropy production
of a system is either zero or positive [1–4]. It is zero for
systems in equilibrium and positive for non-equilibrium
systems. A process is thus thermodynamically reversible
if and only if the entropy production is zero [1–4] and this
means that a reversible process is a process that can be
reversed without leaving any trace on the surroundings,
i.e., leaving the entropy of the surroundings unchanged
(no matter how the process is reversed) [1–4]. Since in
a macroscopic classical thermodynamic system entropy
may be produced in the interior of the system therefore it
is expected that the same is true for a microscopic quan-
tum thermodynamic system. But wrong presumptions
may lead to misconceptions. Hence before computing the
entropy production of a quantum thermodynamic system
we first need to make sure that the mechanics of a quan-
tum system is capable of creating such entropy inside the
system.
In this work we will show that, as expected, fundamental
differences appear in quantum thermodynamics. It will
be proved that the entropy production always vanishes
for quantum systems as a result of the laws of quantum
mechanics. We will see that the information which is sup-
posed to get lost is in fact stored in the quantum corre-
lations established between subsystems. It also results in
defining the generalized temperature for non-equilibrium
quantum systems.
Entropy production in classical thermodynamics. Con-
sider two classical systems A and B which are in equi-
librium with temperatures TA < TB at time t = 0. Part
of the system B begins to exchange heat quasi-statically
with part of the system A (as shown in Fig. (1)). As time
passes the two systems become non-equilibrium and this
is because part of system A still has temperature TA and
its another part has temperature T ′A with TA 6= T ′A (see
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illustration in Fig. (1b)). The same happens to system
B. Now the change in the entropy of each system, from
t = 0 to t = τ , due to the interaction with another system
is obtained as [1–4]
∆eSA(B) =
∫ τ
0
dQA(B)
T ′A(B)(t)
, (1)
where dQ is the exchanged heat and T ′ the temperature
of that part of the system which is in contact with an-
other system and the letter e stands for the word ”exte-
rior”, i.e., ∆eS occurs in the exterior of the systems. But
this is not the whole change in the entropy of the systems.
The two systems are in non-equilibrium states due to the
temperature gradient inside themselves and from exper-
imental observations we know that any non-equilibrium
macroscopic classical system tends to reach a new equi-
librium. And since the equilibrium state has a higher
entropy therefore we can say that any non-equilibrium
system tends to increase its entropy. It should be noticed
that this tendency has nothing to do with the interaction
of the system of interest with another system therefore
it also holds for any closed non-equilibrium macroscopic
classical system. What another system (environment)
does on the system of interest is that it causes the sys-
tem of interest to become non-equilibrium which is not
enough for entropy to be produced in the interior of the
system. There should also exist a tendency inside the
system to go from this non-equilibrium state toward an
equilibrium state with a higher entropy. This is the most
crucial point in thermodynamics and we will go back to
it in the quantum case. Even if we cut off the interaction
between the two systems, at any time, this tendency still
remains in both systems and after some time they will
reach a new equilibrium. In other words entropy is pro-
duced in the ”interior” of each system, i.e., ∆iSA(B) 6= 0
and it is called entropy production which is always pos-
itive for any classical thermodynamic system (see Fig.
(2)) [1–4]. The letter i stands for the word ”interior”.
Hence the total change in the entropy of the system (for
instance A) reads
∆SA = ∆eSA + ∆iSA. (2)
The difference between ∆eS and ∆iS is that the former
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2is caused by the interaction between the two systems on
the border while the latter is caused by the interactions
in the interior of each system. In other words ∆eS is
caused by the heat flow in the exterior of the system and
∆iS is caused by the heat flow in the interior of the sys-
tem.
FIG. 1: (Color online) Two subsystems A and B with temper-
atures TA < TB are interacting. a) At time t = 0 where the
subsystems begins to exchange heat. b) After time τ where
the two subsystems are in non-equilibrium states.
FIG. 2: (Color online) The total entropy change of any ther-
modynamic system is divided into two parts: dS = deS+diS.
deS comes from the interaction with the environment and can
be either positive or negative. diS is produced in the interior
of the system and is always positive for any thermodynamic
system.
Therefore for entropy production of a system to be
nonzero: ”the system must first be in a non-equilibrium
state and then the interactions inside the system should
be such that a tendency to produce entropy is created
and as a result the entropy of the system increases”.
Since interactions inside the system are such that an
isolated macroscopic non-equilibrium classical system al-
ways tends to evolve spontaneously towards a single sta-
tionary state (equilibrium state) the entropy of the sys-
tem changes (increases). In classical thermodynamics
this is called the Clausius’ statement of the second law
of thermodynamics which asserts that for any (closed or
open) system we have [1–4]
diS ≥ 0. (3)
The Clausius’ statement of the Second Law can be inter-
preted that the interactions in the ”interior” of a classical
system are such that the inequality (3) is always satis-
fied on a macroscopic level. The interactions inside the
system could have been such that the entropy produc-
tion was always zero or even negative. If the entropy
production was always zero then the interactions inside
the system were such that an isolated system which is
in a non-equilibrium state would never necessarily reach
equilibrium because as we know the entropy of an equilib-
rium state is always larger than that of a non-equilibrium
state. And if the entropy production was always negative
the interactions inside the system were such that the free
expansion of a classical gas would never occur. In the
following we will show that in quantum thermodynamics
the microscopic interactions in the interior of the quan-
tum system are such that no entropy can be produced
inside the quantum system.
Entropy production in quantum thermodynamics. In 1932
von Neumann designed a thought experiment to deter-
mine the entropy of the density operator ρ of a quantum
system [5]. He found out that the entropy of a quantum
state ρ reads (see Appendix I)
S(ρ) =:−tr{ρ ln ρ}. (4)
Now as in the classical case we need to check how much
entropy is produced by the interaction with the outside
and how much is produced in the interior of the sys-
tem due to the interactions inside the system. Before
doing this job, it should be mentioned that in Ref. [6]
the authors have made a mistake in the derivation of the
entropy production for non-equilibrium closed quantum
systems. In deriving Eq. (12) from Eq. (7), in the men-
tioned paper, they have dropped the second term on the
RHS of Eq. (7) (by mistake!) for no specific reason there-
fore they have ended up with positive entropy production
and this Eq. (12) has been referred to, for 9 years, by
many authors [7–19]! While as we show below the en-
tropy production of a closed quantum system is always
zero. Since the evolution of a closed quantum system is
unitary then the change in its total entropy is zero and
since no heat is exchanged with the outside therefore us-
ing Eq. (2) the entropy production of a closed quantum
system must be zero. And this will consequently lead to
the fact that the entropy production is also zero for open
quantum systems because, as we mentioned earlier, the
entropy production originates in the tendency of the sys-
tem to increase its entropy from the inside and this ten-
dency has nothing to do with the outside. A closed quan-
tum system which is in a non-equilibrium state does not
tend to approach an equilibrium state after a long time.
The dynamics of a closed quantum system is unitary thus
it cannot evolve towards a single stationary state, it actu-
ally evolves towards a state from which the information
about the initial configuration can be extracted [20, 21].
This simply suggests that unlike classical thermodynam-
ics the entropy production in quantum thermodynamics
for closed (and thus open quantum systems) is zero. We
will elaborate this issue in the following from every point
of view. Consider two quantum systems A and B which
are in equilibrium with temperatures TA < TB at time
t = 0. The two system begins to interact and thus after
some time t′ they become non-equilibrium with states
ρA(t
′) and ρB(t′), respectively. Due to the exchanged
heat between the systems ∆eS may be nonzero for both
3systems. As for the entropy production, it is expected
that some entropy will be produced in the interior of the
systems since the systems are in non-equilibrium states.
But as we mentioned, in the previous section, being in
a non-equilibrium state is not enough for a system to
produce entropy on the inside because microscopic in-
teractions inside the system play the major role. As a
matter of fact microscopic interactions inside a quantum
system are such that the evolution of the state of the
system caused by these interactions is unitary thus no
entropy may be produced in the interior of the system.
And if we cut off the interaction between the two quan-
tum systems at any time both two systems never tend
to reach new equilibrium states. These facts simply sug-
gest that no entropy may be produced in the interior of
any quantum system. In order to elucidate the argument
above we resort to the following discussion. Consider a
quantum system A which may generally consists of more
than one subsystem, i.e., we may have
ρA = ρ12..., (5)
with Hamiltonian
HA(t) = H1(t) +H2(t) + ...+H12(t) + ... (6)
Any local-in-time master equation, for a quantum system
A having a d-dimensional Hilbert space, can be written
in the form [22]
ρ˙A = − i~ [HA(t), ρA] +D(ρA). (7)
where
D(ρA) =
d2−1∑
k=1
γk(t)[Lk(t)ρAL
†
k(t)−
1
2
{L†k(t)Lk(t), ρA}],
(8)
is the dissipative part of the dynamics in which the Lk(t)
form an orthogonal basis set of traceless operators, i.e.,
tr{Lk(t)} = 0, tr{L†j(t)Lk(t)} = δjk. (9)
The first term on the RHS of Eq. (7) is the unitary
change in the state of system A caused by HA(t) and
D(ρA) the non-unitary change caused by the interaction
with the outside. Therefore using Eqs. (4) and (7) the
rate of the change in the entropy of system A becomes
S˙(ρA) = −tr{ ˙ρA ln ρA}
= tr{ i
~
[HA(t), ρA] ln ρA} − tr{D(ρA) ln ρA}.
(10)
As can be seen the first term on the RHS of Eq. (10)
is the entropy rate produced inside system A and it is
always zero
diSA
dt
= tr{ i
~
[HA(t), ρA] ln ρA} = 0. (11)
And the second term is the entropy rate caused by the
interaction in the exterior of the system
deSA
dt
= −tr{D(ρA) ln ρA}. (12)
Hence as can be seen unlike the classical thermodynam-
ics in quantum thermodynamics whether the quantum
system is in an equilibrium state or not no entropy can
be produced in the interior of the system. Now we are in
a position to state the following theorem.
Theorem 1 The entropy production of any quantum
thermodynamic system is always zero, i.e.,
diS = 0. (13)
Theorem 1 implies the fact that heat flows in the inte-
rior of quantum systems do not lead to any increase in
the entropy of the system. It must be mentioned that
in extending Eq. (1) from classical thermodynamics into
quantum thermodynamics an obvious mistake has been
made in the literature by the authors! When two classical
systems A and B with temperatures TA and TB quasi-
statically exchange heat the change in their entropies are
deSA = dQA/TA and deSB = dQB/TB , respectively.
But if one of the systems, for example system A, be-
comes non-equilibrium since there exists no TA associ-
ated with this system anymore we cannot use the formula
deSA = dQA/TA. We also cannot solve this problem by
replacing TA with TB , i.e., deSA = dQA/TB to compute
the entropy change of system A. Instead we should find a
hypothetical equilibrium path which produces the same
change in the entropy of system A [1–4]. This is true
because entropy is a function of state and therefore for
the purpose of calculations, we can take another path
from the initial state to the final state. While H. Spohn
[23], for the first time in deriving entropy production
in the weak coupling limit, and then all other authors
[6, 20, 24] have used the formula deSA = dQA/TB for
a non-equilibrium quantum system A interacting with
a heat bath B at temperature TB . Authors have used
the formula deSA = dQA/TB and Alicki’s definition of
heat [24], dQA ≡ tr{dρAHA}, then using Eq. (4) they
have defined the entropy production of a non-equilibrium
quantum system interacting with a heat bath B in equi-
librium at temperature TB as
diSA =: dS(ρA)− dQA
TB
. (14)
According to Eq. (14) since dS(ρA) can be different
from dQA/TB thus diSA can be nonzero. In Ref. [25]
the entropy production has been defined for a quan-
tum system A interacting strongly with a reservoir ini-
tially in thermal equilibrium with temperature β = 1/T .
They have assumed that ∆eSA = −β∆Qr where ∆Qr =
tr{ρr(t)Hr−ρr(0)Hr} is the heat transferred to the reser-
voir through the interaction and ρr(0) = ρ
β
r while ρr(t)
is a non-equilibrium state. And then using Eq. (2)
4they have defined the entropy production of the system
A. The problem with their work is that the assumption
∆eSA = −β∆Qr is only true if the system and the reser-
voir are in thermal equilibrium during the whole process
[1–4] which is not the case in Ref. [25], and if during
the whole process the system is in a thermal equilibrium
state no entropy can be produced inside the system.
Let us now discuss the role of quantum correlations in
quantum thermodynamics. In classical thermodynamics,
for a closed combined system AB we always have [1–4]
dSAB = dSA + dSB = diSAB ≥ 0, (15)
i.e., some information leave the total classical system AB
due to the irreversibility between A and B and this ir-
reversibility may come from the gradient of the temper-
ature inside the total system AB, i.e., TA 6= TB (see
illustration in Fig. (3)). Note that diSAB in Eq. (15)
can still be nonzero even when the two classical subsys-
tems A and B with temperatures TA and TB are in equi-
librium states when they are exchanging heat, i.e., the
change in their entropies are dSA = dQA/TA (diSA = 0)
and dSB = dQB/TB (diSB = 0), respectively [1–4]. It
should also be noted that diSAB is different from diSA
and diSB which are the entropies produced inside sub-
systems A and B, respectively. For a closed combined
quantum system AB we have
dSAB = dSA + dSB + dSC = diSAB = 0, (16)
where dSC is the entropy contribution contained in the
correlations (such as entanglement) established between
the two subsystems. As can be seen from Eq. (16) due
to quantum correlations the sum of the entropies of the
two subsystems does not equal the entropy of the total
system AB. Comparing Eq. (15) with Eq. (16) we con-
clude that the information which was supposed to get
lost is actually stored in the quantum correlations es-
tablished between the two quantum subsystems and this
is why no entropy is produced inside the total quantum
system AB. If there exist no correlations, dSC = 0, we
FIG. 3: (Color online) A closed system AB made of two in-
teracting subsystems A and B. a) Two classical subsystems
interacting with each other and as a result information may
leave the total system AB, i.e., dSAB = diSAB ≥ 0. b)
Two quantum subsystems interacting with each other and
due to correlations established between them no information
can leave the total system AB, i.e., dSAB = 0.
still have dSAB = dSA + dSB = 0 and this means that
the unitarity of the dynamics is the main reason for zero
entropy production in quantum thermodynamic systems.
Staying information inside the total system allows us to
reverse the process without leaving any trace on the sur-
roundings. By leaving a trace on the surroundings we
mean changing the entropy of the surroundings. A pro-
cess that can be reversed without leaving any trace on
the surroundings is called reversible [1–4]. Therefore a
process is reversible if and only if diS = 0. In classical
thermodynamics sometimes there is no way for a process
to be reversed without leaving any trace on the surround-
ings. These processes are called irreversible processes for
which diS 6= 0. The free expansion of an isolated gas is
a bright example of this case which cannot be reversed
to its initial state without changing the entropy of the
surroundings. Now that we have shown no quantum sys-
tem is capable of producing any entropy in the interior
of itself the generalized temperature of a thermodynamic
non-equilibrium quantum system can be defined.
Theorem 2 The generalized temperature T (t) of a non-
equilibrium quantum thermodynamic system connects the
change in the entropy of the quantum system dS(ρ) to the
exchanged heat dQ with its surroundings as
dS(ρ) =
dQ
T (t)
. (17)
This is plausible because in classical thermodynamics
whenever the entropy of a system can be defined the sys-
tem has also a well-defined temperature and vice versa
[1–4]. Hence Theorem 2 states that since the entropy of a
quantum system always exists, whether the system is in
an equilibrium state or not, a well-defined temperature
can be defined. Using Eq. (16) and Theorem 2 we get
dSC(ρ) = −( dQA
TA(t)
+
dQB
TB(t)
). (18)
One may assert that if the entropy production of a quan-
tum system is always zero all the quantum heat engines
should have Carnot efficiency. This is not the case be-
cause for a non-equilibrium system the generalized tem-
perature is generally time-dependent and the efficiency
of the engine becomes
η = 1− ∆Qc
∆Qh
= 1−
∫
Tc(t)dSc(ρ)∫
Th(t)dSh(ρ)
, (19)
where Tc(h) and Sc(h)(ρ) are the generalized temperature
and the entropy of the system during the interaction
with the cold (hot) reservoir, respectively. Only when
the system is in thermal equilibrium the efficiency
becomes Carnot efficiency.
Summary. In this work we have shown that fundamental
differences appear in quantum thermodynamics com-
pared to the classical thermodynamics. We observed
that unlike classical thermodynamics no entropy can
be produced in the interior of a quantum system. We
saw that the information which is supposed to get lost
is in fact stored in the quantum correlations between
5subsystems. At last zero entropy production led to
the idea of defining the generalized temperature for a
non-equilibrium quantum system.
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I. APPENDIX I
Von Neumann designed an experiment [5, 26] which
accounts for the work cost of erasing the state of a gas of
n atoms, initially in a state ρ⊗n with ρ =
∑
i pi|ψi〉〈ψi|
by transforming it into a pure state |ψi〉⊗n using a re-
versible process.
FIG. 4: (Color online) The steps during which the state of a
gas of n atoms, initially in a state ρ⊗n with ρ =
∑
i pi|ψi〉〈ψi|
is erased by transforming it into a pure state |ψi〉⊗n by means
of a reversible process.
It consists of 3 steps (as depicted in Fig. (4)): 1.
Separation of the species: the atoms in different states
|ψ1〉, ..., |ψm〉 inside a box of volume V are separated in
different boxes of the same volume V by means of semi-
permeable walls (from a to b and finally c). Notice that
no work has been done and no heat has been exchanged.
2. Compression: every gas |ψi〉 is isothermally com-
pressed to a volume Vi = piV (from c to d). The mechan-
ical work done in that process is Wi = npi ln(Vi/V ) =
pi ln pi. The total entropy increase per particle of the
process is ∆S =
∑
i pi ln pi. 3. Unitary transformation:
every gas is put in the |ψ1〉 state by applying different
unitary transformation |ψi〉 → |ψ1〉 which are taken for
free (from d to e). As the entropy of the final state is
zero, the entropy of the initial state reads
S(ρ) = −tr{ρ ln ρ}. (20)
